INTRODUCTION AND DISCUSSION
Of the values of the binomial coefficients ('T",?""),
for integer k, how many fall into each of the residue classes 1, 2, 3, 4, 5, 6 modulo 7? Our answer to questions of this form is the following.
THEOREM.
Let p be a prime, let a be a primitive root module p, let n 2 0 be an integer, and let tj= tj(n) be the number of times the digit j appears in the p-ary expansion of n (0 <j< p -1). Finally, for each i let r,(n) be the number of integers k, 0 < k<n, for which the binomial coefficient (i) z a' mod p, and let R,(x) = Cf:02 r,(n)x' be their generating function. In the sequel we will write G(x) = G,,,(x) = I-I,?:11 R,(x)'/. We mention two methods by which one can carry out, in practice, the reduction of Gp,,(x) modulo (xp-' -1). First, one can simply take the remainder of the division G,.(x)/(xPP1 -1). Second, one might observe that the division algorithm
implies that the values of the unreduced polynomial G and of the reduced polynomial R, agree with each other at all of the (p -1)st roots of unity. But since R, is of degree -C p -1, it is uniquely determined by those values. Hence we have the "explicit" formula
(***I
The first method is preferred for specific polynomials G, while the second may be better suited to obtaining formulas for the coefficients.
EXAMPLE. We will now answer the question that appears in the first sentence above. Since n = ( 1000000000),0 = (33531600616),, the digitcounts are It is well known, from Lucas' theorem, that the number of nonzero binomial coefficients is I-J (I+ n,), where the n, are the p-ary digits of n. In this case that product is n (1 + i)" = 22436'73 = 526,848, which is the sum of the displayed occupancy numbers.
We remark that the distribution depends only on the numbers of each p-ary digit that appear in (n),, but not on the placement of those digits. The theorem therefore tells us how to use the data in the first p lines of binomial coefficients in order to deduce the complete distribution into residue classes of any line n of those coefficients, where n is given only by the counts of its p-ary digits.
Our results are closely related to work of Hexel and Sachs [2, 31, who were primarily interested in the number of occurrences of each residue class summed over the first n + 1 lines of Pascal's triangle. For a single line of the triangle they gave results in two forms, both of which are explicit formulas for the occupancy numbers rather than generating functions. One of these (Theorem 3 of [3] ) involves sums over roots of unity of certain cyclic matrices, and the second (Theorem 4 of [3] ) is essentially the formula that would result if one were to equate the coefficients of like powers of x on both sides of our (*) above. These results can be obtained from our generating function by using either of the two methods that we discussed just below the statement of our theorem.
PROOF OF THE THEOREM
In the generating function (*) one sees that the digits of n act independently of each other: each digit contributes a polynomial from its line of Pascal's triangle to the product. This independence is characteristic of phenomena related to Lucas' theorem (see below), on which our theorem rests.
The independence can be cast in the following terms. Let Y be the set of all finite words over an alphabet 0, 1, . . . where n, is the integer whose p-ary digit string is 0. We will show that f is a semigroup homomorphism, and therefore its action on any string 0 is the product of its actions on the individual digits of (T, which is exactly what our theorem asserts.
To prove that f is a homomorphism we use the theorem of Lucas (e.g., We follow the conventions that (E) = 0 if n > 0 is an integer and k < 0 or k > n, and that our sequence { ri> is defined for all integers i and is periodic in i of period p -1. Now if c', a" are two given strings, we have
Following the third sign of equality above, k' is the integer whose digit string occupies the same positions in the full string of k as the substring o' occupies in the full string of n, and similarly for k", CT". 1
BINOMIAL COEFFICIENTS AS QUADRATIC RESIDUES
Our theorem has an interesting application to the quadratic character of the values of the binomial coefficients modulo p.
DEFINITION. Say that an integer n is p-balanced if, among the nonzero values {(E)}; = ,, (mod p) of the binomial coefficients modulo p there are equal numbers of quadratic residues and quadratic nonresidues modulo p.
For example, the integers 0, 1, 2 are never p-balanced, whatever the prime p may be; the integer 3 is p-balanced precisely when p= 5 or 7 modulo 12, and so forth.
The relevance of our theorem to such questions is the following. If we evaluate the generating function R,(x) at x= -1,
we see that it counts the excess of the number of quadratic residues over the number of quadratic nonresidues among the nonzero values of the binomial coefficients of order n. Thus n is p-balanced if and only if R,( -1) = 0. However, since by (**), R,(x) and G,,(x) agree with each other at all of the (p -1)st roots of unity, we see that n is p-balanced if and only if G,,,( -1) = 0. Since G is a product, this can happen if and only if at least one of its factors vanishes, and we have proved thefollowing.
~~BOLLABY.
Let p be prime and let TP be the set of integers n, 0 6 n < p -1, that are p-balanced. If T, is empty then no integer n 2 0 is p-balanced.
Zf TP is nonempty then an integer n is p-balanced if and only if its p-ary expansion contains a digit d E TP.
Thus if p -5 or 7 modulo 12 then every integer that contains a digit 3 is p-balanced.
The numerical data that we have are as follows. The sets T,, T3, and T,, are empty. Hence there are no integers n B 0 that are 2-, 3-, or 1 l-balanced. All other T,, for p < 227 are nonempty. Dr. Andrew Odlyzko has extended these calculations to primes < 106, and no other nonempty T, exist for such p.Afewofthesets T,are: T,=(3), T,=(3), T13={7, ll}, T,,={3, 15}, T,, = { 3}, Tz3 = { 7}, Tz9 = { 3,23,27). For these primes there are infinitely many p-balanced n. It would be interesting to know if any other empty T, exist.
